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Abstract
Fix a 2-coloring Hk+1 of the edges of a complete graph Kk+1. Let C(n, Hk+1) denote the
maximum possible number of distinct edge-colorings of a simple graph on n vertices with two colors,
which contain no copy of Kk+1 colored exactly as Hk+1. It is shown that for every fixed k and all
n > n0(k), if in the colored graph Hk+1 both colors were used, then C(n, Hk+1) = 2tk(n), where
tk(n) is the maximum possible number of edges of a graph on n vertices containing no Kk+1. The
proofs are based on Szemerédi’s Regularity Lemma together with the Simonovits Stability Theorem,
and provide one of the growing number of examples of a precise result proved by applying the
Regularity Lemma.
© 2005 Elsevier Ltd. All rights reserved.
1. Introduction
Let Hk+1 be a 2-edge-coloring of a complete graph Kk+1. Given a graph G, denote by
C(G, Hk+1) the number of distinct edge-colorings of G with two colors which contain no
copy of Hk+1. Let
C(n, Hk+1) = max{C(G, Hk+1) | G is a graph on n vertices}.
In this note we are interested in the behavior of C(n, Hk+1) for fixed k > 2 and sufficiently
large n. Denote by Tk(n) the complete k-partite graph on n vertices with class sizes as equal
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as possible, which is usually called the Turán graph (with parameters n and k). Let tk(n)
be the number of edges of Tk(n). Turán’s Theorem tells us that if G is a Kk+1-free graph
of order n, then the number of edges of G, denoted by e(G), satisfies e(G) ≤ tk(n), with
equality iff G = Tk(n). It is trivial to see that C(n, Hk+1) ≥ 2tk(n), since Tk(n) does
not contain Kk+1, and hence every 2-edge-coloring of it contains no Hk+1. Therefore, it is
natural to ask whether this lower bound reflects the correct behavior of C(n, Hk+1). Indeed,
this is the case if in the coloring of Hk+1 both colors were used, and this is the main result of
this note. However, if all the edges of Hk+1 are red, say, then for any graph Gn of order of n,
C(Kn, Hk+1) ≥ C(Gn, Hk+1), as any Hk+1-free red–blue coloring of Gn can be naturally
embedded into an Hk+1-free coloring of Kn , the edges E(Kn)− E(Gn) getting color blue.
Problems which are equivalent to finding C(Kn, Hk+1) for an arbitrary (but fixed) coloring
Hk+1 have been studied extensively; for example in the case where all edges of Hk+1 are
red, C(Kn, Hk+1) = (1 + o(1))S(n, k) where S(n, k) is the number of k-partite graphs
on n vertices (see [8]). In general, to a coloring Hk+1, a graph H Rk+1 could be assigned,
which has the same vertex set and contains exactly the red edges of Hk+1. It is clear that
C(Kn, Hk+1) is the number of graphs on n vertices containing no H Rk+1 as an induced
subgraph. There are several papers concerning that problem; see [1,11,6]. They proved
that for any Hk+1, C(Kn, Hk+1) = 2(1−1/ν+o(1))n2/2, where ν is a “coloring number” of
Hk+1. Note that the latter paper considered also a “family” of forbidden induced subgraphs.
Results in a similar vein to ours are due to Alon et al. in [2], where it was proved
that C(n, Rk+1, Bk+1) = 2tk(n) (here Rk+1 is a red and Bk+1 a blue copy of a Kk+1),
i.e., they proved that the number of 2-edge-colorings of an n-vertex graph avoiding a
monochromatic complete graph on k + 1 vertices is at most 2tk(n). In this note we shall
consider one forbidden non-monochromatic coloring of Kk+1.
Theorem 1. Let k ≥ 2 be an integer, and Hk+1 be a fixed 2-edge-coloring of Kk+1 which
uses both colors. Then there exists an integer n(k), such that every graph G of order
n > n(k) has at most 2tk(n) edge-colorings with 2 colors that contain no copy of Hk+1.
Moreover, the unique graph on n vertices for which C(G, Hk+1) = 2tk(n) is the Turán
graph Tk(n).
Prömel and Steger [11] and independently Bollobás and Thomason [6] were the first to
use the Szemerédi Lemma for counting graphs without fixed subgraphs. The idea of using
it together with the Simonovits Stability Theorem to obtain tools of the ilk of Lemma 2
appeared first in [4]. Variants of Lemma 2 appeared afterwards in [2] and later in [3]. Our
proofs in this note, although the results look rather similar to the one in [2], are in the vein
of [3]. Although we managed to adapt many steps from the proofs which appeared in [3],
we could not find direct way to deduce our results from theirs.
In the next section we define and state the tools that are used in the proof of Theorem 1,
and the actual proof is in Section 3. In the last section we will make some concluding
remarks and discuss some open problems.
2. Tools
In this section we shall state the Szemerédi Regularity Lemma and Simonovits Stability
Theorem. Then, following the method of [4] (and its “follow-ups” [2,3]), we determine
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here the structure of any potential counterexamples to Theorem 1. Namely, we show that
every such counterexample must be almost k-partite.
Lemma 2. Let k and t be positive integers. Then, for all δ > 0 there exists an n0 such that
if G is a graph of order n > n0 which has at least 2tk(n) Hk+1-free 2-edge colorings, then
there is a partition of the vertex set V (G) = V1 ∪ · · · ∪ Vk such that∑i e(Vi ) < δn2.
To prove this lemma we use an approach similar to the one from [4,2,3], which is based
on two important tools, the Simonovits Stability Theorem and the Szemerédi Regularity
Lemma. The Stability Theorem is the following [12].
Theorem 3. For every α > 0 there exists a constant β > 0 such that any Kk+1-free
graph on m vertices with at least tk(m) − βm2 edges has a partition of the vertex set
V = V1 ∪ · · · ∪ Vk with ∑i e(Vi) < αm2.
Our second tool is a multicolored version of Szemerédi’s Regularity Lemma (see the survey
of Komlós and Simonovits [10]).
Let G = (V , E) be a graph. To state the multicolored Szemerédi Lemma as generally
as possible, assume that the edges of G are colored with colors 1, 2, . . . , r . For A and B
non-empty disjoint subsets of V (G), denote by e(A, B) the number of edges between A
and B , and define the density of edges between A and B by
d(A, B) = e(A, B)|A||B| .
Similarly, the number of edges of color i (1 ≤ i ≤ r) between A and B is ei (A, B), and
the density of the i -colored edges is
di (A, B) = ei (A, B)|A||B| .
For  > 0 the pair (A, B) is -regular if for every X ⊂ A and Y ⊂ B satisfying |X | > |A|
and |Y | > |B| we have for every i, (1 ≤ i ≤ r) that
|di (X, Y ) − di (A, B)| < .
Intuitively, such a pair (A, B) behaves approximately as if the probability of an edge
existing and having color i is di (A, B).
An equitable partition of a set V is a partition of V into pairwise disjoint classes
V1, . . . , Vm of almost equal size, i.e., ||Vi |− |Vj || ≤ 1 for all i, j . An equitable partition of
the set of vertices V of G into the classes V1, . . . , Vm is -regular if |Vi | ≤ |V | for every
i , and all but at most 
(
m
2
)
of the pairs (Vi , Vj ) are -regular. To prove Lemma 2 we will
need a colored version of the Regularity Lemma. Its proof is a straightforward modification
of the proof of the original result (see [10] for details).
Lemma 4. For every  > 0 and integer r , there exists an M = M(, r) and an
n0 = n0(, r) such that if the edges of a graph G of order n > n0 are r-colored,
E(G) = E1 ∪ · · · ∪ Er , then there is a partition of the vertex set V (G) = V1 ∪ · · · ∪ Vm,
where 1/ ≤ m ≤ M, which is -regular simultaneously in every color i for 1 ≤ i ≤ r .
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Suppose that G is a graph with an -regular partition V = V1 ∪ · · · ∪ Vm , and η > 0 is
some fixed constant (to be thought of as small, but much larger than ). A colored cluster
graph H (η) of a colored graph G has vertex set {1, . . . , m}, and i j is an edge, if (Vi , Vj )
is an -regular pair with edge density at least η in each of the colors. From the definition,
one might expect that if a cluster graph contains a colored copy of a fixed clique then so
does the original graph.
To be more precise, we shall apply the following statement; see [10].
Lemma 5. Let G be a colored graph and H (η) a colored cluster graph of G. Fix a coloring
Hk+1 of the edges of a Kk+1. Then the following holds:
(a) If H (η) contains a complete subgraph Kk+1, then G contains a colored copy of Hk+1.
(b) Assume that the color  is used in the coloring of Hk+1. Furthermore assume that H (η)
does not have a Kk+1 as a subgraph, but the following holds: there is a (Vi , Vj ) -
regular pair in G, such that (i, j) ∈ E(H (η)), but d(Vi , Vj ) > η, and the addition of
the edge (i, j) to H (η) would create a Kk+1. Then G contains a copy of Hk+1.
We shall need the following result from [3]:
Lemma 6. Let γ be a positive constant and let H be a k-partite graph of order m and
with at least tk(m) − βm2 edges. If we add to H at least (2k + 1)βm2 new edges, then the
graph obtained will contain a Kk+1 with exactly one new edge connecting two vertices in
the same vertex class of H .
We shall need the following simple estimates on the number of edges of the Turán graph
Tk(n). Let δk(n) denote the minimum degree of Tk(n). Then we have
tk(n) = tk(n − 1) + δk(n), δk(n) = n − n/k,
k − 1
k
n2/2 − k < tk(n) ≤ k − 1k n
2/2. (1)
Our last tool is a well-known upper bound on the binomial,(n
k
)
≤ 2h(k/n)n, (2)
where h(x) = −x log2(x) − (1 − x) log2(1 − x) is the entropy function.
Having finished all the preliminaries, we are now ready to prove the lemma, which tells
us the structure of any potential counterexample to Theorem 1.
Proof of Lemma 2. We should fix the constants carefully. First we need to fix a constant
δ > 0 for Lemma 2. Then let α = δ/10, and let β > 0 be some positive constant whose
existence for that α is guaranteed by Theorem 3 (however, we may and shall assume that
β < δ/(10k)). Next fix a small constant η > 0, where δ, β 	 η, and, so as to be able to
apply Lemma 5, choose a small  > 0. Then for this , Lemma 4 guarantees the existence
of n0 and M . Choose n0 large enough that β > 10 + 10h(2η) + 2(log2 M + log2 n +
M2 + 1)/n is satisfied for every n > n0.
Let n > n0 and fix a graph G on n vertices which has at least 2tk(n) red–blue Hk+1-free
colorings. Consider one of them, say GC . Apply Lemma 4 to GC . This implies the exis-
tence of an -regular partition V (G) = V1 ∪ · · · ∪ Vm where 1/ < m < M . Consider the
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colored cluster graph of it, Hm(δ). By Lemma 5(a), Hm(δ) does not contain Kk+1 as a
subgraph; hence by Turán’s Theorem it has at most tk(m) edges.
First we give an upper bound on the number of possible cluster graphs, and the number
of partitions of V (G). Then for a fixed partition of V (G) and a cluster graph Hm(η) we
find an upper bound on the number of Hk+1-free 2-edge-colorings of G leading to them.
The goal is to prove that there is a coloring of G whose cluster graph Hm(η) contains at
least tk(m) − βm2 edges.
Clearly, n vertices could be partitioned at most nn ways, and the number of graphs on
m vertices is 2(
m
2 ).
Given a partition of V (G) = V1∪· · ·∪Vk and the cluster graph Hm(η), then in counting
the edge-colorings of G, we have complete freedom to color the following edge types:
– edges within the classes Vi ,
– edges between irregular pairs,
– edges between Vi and Vj in the case (Vi , Vj ) ∈ Hm(η).
The total number of these edge types is at most
m
(n/m
2
)
+ m2(n/m)2 + (n/m)2 · e(Hm(η)). (3)
It is left to estimate the number of colorings between “low density” regular pairs
(Vi , Vj ), i.e., the number of ways to color the edges between Vi and Vj with one of
the colors occurring at most η(n/m)2 times. A crude upper estimate on the number
of colorings of edges of this type in G is the following: the number of pairs of classes is(
m
2
)
, the number of ways to choose the low density color (considering all pairs) is at most
2(
m
2 ), and the number of ways of choosing an at most η-dense subgraph between each of
the pairs is at most
ηn2∑
i=0
(
n2/2
i
)
≤ 2
(
n2/2
ηn2
)
≤ 2h(2η)n2+1,
where we overestimate the number by allowing edges in the whole of G, not just the pairs
(Vi , Vj ).
Putting all this together, we can give an upper bound on the number of Hk+1-free
colorings of G whose cluster graph Hm(η) has at most tk(m) − βm2 edges (where m
runs from 1/ to M):
nn ·
M∑
m=1/
2(
m
2 )2m
( n/m
2
)
+m2(n/m)2+(n/m)2·e(Hm(η)) · 2(m2 ) · 2h(2η)n2+1
≤ 2tk(n)−βn2/2, (4)
where we used that the number of ways of coloring the edges estimated by (3) is at most
2tk(n)−βn2+(k−1)n/k+3n.
Here we also used that (log2 M + log n + M2 +1)/n +3+h(2η) < β/2 for n > n0. This
clearly gives that one of the Hk+1-free colorings of G has a cluster graph Hm(η) with at
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least tk(m)−βm2 edges. Fix one of these colorings. Then by Theorem 3, the vertices of the
cluster graph could be partitioned into classes U1, . . . ,Uk such that the number of edges
inside the classes is at most αm2. Furthermore, we can bound the number of regular pairs
(Vi , Vj ), with Vi , Vj in the same class (i, j ∈ U for some  ∈ [k]), and with the edges of
some color having density at least η. The number of such pairs is at most (2k + 1)βm2,
since otherwise by Lemma 6 there is a Kk+1 in the cluster graph in which exactly one edge
is a pair as described above, and by Lemma 5(b) there is a copy of Hk+1 in G.
Consider the partition of V (G) into k classes generated by U1, . . . ,Uk . We claim that
the number of edges inside the classes of this partition is at most δn2. This follows from the
fact that inside the classes U1, . . . ,Uk there are at most αm2 regular pairs with ≥η density
in both colors, (2k+1)βm2 regular pairs with one of the colors of low density, m2 irregular
pairs, and at most 2γ n2 edges coming from low density pairs. Summing up, the number
of edges within the classes of the partition is at most (α + β(2k + 1) + )m2(n/m)2 +
2ηn2 < δn2. 
3. Proof of Theorem 1
Proof of Theorem 1. Let n0 be large enough to guarantee that the assertion of Lemma 2
holds for a fixed small δ > 0. Suppose that G is a graph on n > n20 vertices with at
least 2tk(n)+m Hk+1-free 2-edge-colorings, for some m ≥ 0. Denote by C(G) the set of
Hk+1-free 2-edge-colorings of G. Our argument is by induction with an improvement at
every step. More precisely, we will show that if G is not the corresponding Turán graph,
then it contains a vertex x such that G − {x} has at least 2tk(n−1)+m+1 Hk+1-free 2-edge-
colorings. Iterating, we obtain a graph on n0 vertices with at least 2tk(n0)+m+n−n0 > 2n
2
0
2-edge-colorings. But a graph on n0 vertices has at most n20/2 edges and hence at most
2n20/2 2-edge-colorings. This contradiction will prove the theorem for n > n20.
Recall that δk(n) denotes the minimum degree of Tk(n), and tk(n) = tk(n − 1) + δk(n).
If G contains a vertex x of degree less than δk(n), then the edges incident with x have at
most 2δk(n)−1 colorings. Thus G −{x} should have at least 2tk(n−1)+m+1 Hk+1-free 2-edge-
colorings and we are done. Hence we may and shall assume that all the vertices of G have
degree at least δk(n).
Consider a partition V1 ∪ · · · ∪ Vk of the vertex set of G which minimizes∑i e(Vi ). By
our choice of n0 in Lemma 2, we have that
∑
i e(Vi ) < δn2.
Instead of doing a rather long but straightforward calculation, similar to those in [2,3],
we use a bijection between labelled tournaments and labelled 2-edge-colored graphs, and
this makes it possible to use two “hidden” statements in proof of Theorem 1.1 in [3]. The
bijection is the following: to a labelled, red–blue colored graph F an oriented graph can be
assigned on the same vertex set with the same edge set, and with the following orientation:
an edge (i, j) is oriented from i to j if either i < j and (i, j) was a red edge in F , or i > j
and (i, j) was blue.
Note that although we think of G as a labelled graph, we are free to label V (G) as we
like; hence we fix a labelling with the property that if u ∈ Vi , v ∈ Vj , then the label of u is
at most the label of v iff i ≤ j .
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We shall separate the proof into two cases, according to whether or not there is a vertex
sending a lot of edges into its own class.
Case 1. Assume that there is a vertex x ; we might assume that it has label 1 and x ∈ V1,
such that |N(x) ∩ V1| > n/(400k) (where N(x) denotes the set of neighbors of x). First
consider the following set of Hk+1-free edge-colorings of G, say C1(G), such that for each
element in C1(G) there is a labelling L(Hk+1) of V (Hk+1) with {0, 1, . . . , k} such that the
number of the edges with the same color as the edge of (0, i) in L(Hk+1) and leading from
x to Vi is at least n/(900k), for every i, (1 ≤ i ≤ k).
Considering the bijection between “colored” graphs and oriented graphs, in [3] it was
shown that the number of graphs placed in C1(G) because of a fixed labelling L(Hk+1) of
V (Hk+1) is less than
2tk(n)
2(k + 1)! .
There are at most (k + 1)! labellings of a graph on k + 1 vertices; hence we have
|C1(G)| < 2tk(n)−1. (5)
This gives |C(G) − C1(G)| > 2tk(n)+m−1. It is easy to check that in this case a coloring is
not in C1(G), and there exist integers 1 ≤ i < j ≤ k for this coloring such that either
max{|NR(x) ∩ Vi |, |NR(x) ∩ Vj |} < n/(900k)
or
max{|NB (x) ∩ Vi |, |NB (x) ∩ Vj |} < n/(900k),
(where NR(x) (resp. NB (x)) denotes the set of vertices which are joined to x in this
coloring with a red (resp. blue) color). As x has at least n/(400k) neighbors in both Vi
and Vj , this means that x is “sparsely joined” in one of the colors to both Vi and Vj . As
it does not matter whether the “color” or the “orientation” is sparse, we can have the same
conclusion as in [3] (instead of “orientation” we say “coloring”); the number of ways to
color the edges incident with x is ≤ 2((k−1)/k−1/(100k))n. As the number of the Hk+1-free
edge-colorings of G −{x} is at most 2tk(n−1)+m+1, we have |C(G)−C1(G)| < 2tk(n)+m−1,
a contradiction.
Case 2. If we are not in Case 1, then for every i and every vertex x ∈ Vi , |N(x) ∩ Vi | ≤
n/(400k). Since we may assume that G is not k-partite, otherwise e(G) ≤ tk(n) with
equality iff G = Tk(n), we have a labelling of G such that (1, 2) ∈ E(G) (certainly, this
implies that 1, 2 ∈ V1). The strategy is the same as in Case 1: we partition C(G) into two
classes, but in the estimation of the second class we consider the removal of two vertices.
Let C2(G) ⊂ C(G) consist of colorings GC for which there is a labelling L(Hk+1) of
Hk+1 with labels {0, 1, . . . , k} such that the color of the edge (1, 2) in GC is the same
as the color of the edge (0, 1) in L(Hk+1), and for every i, (2 ≤ i ≤ k) the number of
vertices in Vi , which are joined to 1 with the same color as (0, i) ∈ E(L(Hk+1)) and to 2
with the same color as (1, i) ∈ E(L(Hk+1)), is at least n/(900k). In exactly the same way
as the size of the set C1(G) was estimated in Case 1, we can obtain that |C2(G)| ≤ 2tk(n)−1,
and |C(G) − C2(G)| > 2tk(n)+m−1. In the case where a coloring GC ∈ C2(G), there is a
class i, (2 ≤ i ≤ k) such that the number of vertices in Vi joined to 1 in one of colors,
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and to 2 in one of the colors (these two colors might be same or might differ from each
other) is at most n/(900k). This could have been “translated” to oriented graphs, and
exactly this was handled in [3]: the number of ways to color the edges incident with 1
or 2 is at most 22((k−1)/k−1/(100k))n. The number of ways to color G − {1, 2} is, by the
induction hypothesis, at most 2tk(n−2)+m+2; hence |C(G) − C2(G)| < 2tk(n)+m−1. This
completes the proof. 
4. Concluding remarks
• The following could be proven, exactly like Lemma 5.1 in [2].
Lemma 7. For every fixed colored graph Hk+1, the limit
lim
n →∞(C(n, Hk+1))
2/n2
exists, and is a positive real.
The idea of the proof is to show that (C(n, Hk+1))1/(
n
2 ) is decreasing, using the following
lemma, which follows from an entropy inequality of Shearer [7] (see also [2]).
Lemma 8. Let C be a set of r-colorings of an N-element set X. Suppose that {X1, . . . , Xm}
is a collection of subsets of X such that each element x ∈ X belongs to at least t of the sets
Xi . For each 1 ≤ i ≤ m let Ci be the set of all colorings obtained by restricting those in C
to the set Xi . Then
|C|t ≤
m∏
i=1
|Ci |.
Proof of Lemma 7. It clearly suffices to show that (C(n, Hk+1))1/(
n
2 ) is a decreasing
function of n. Let G be a graph on the vertex set {1, . . . , n} with C(n, Hk+1) Hk+1-free
2-edge-colorings. Let X be its edge set and let C(G) be the set of all its Hk+1-free 2-edge-
colorings. For 1 ≤ i ≤ n let Xi be the set of edges of the subgraph of G obtained by
deleting vertex i . Then each edge e ∈ X belongs to n − 2 of the sets Xi . By definition,
the restriction of the set C(G) to Xi is a set of Hk+1-free 2-edge colorings of a graph on
n − 1 vertices, and hence its size is at most C(n − 1, Hk+1). Applying Lemma 8 we obtain
C(n, Hk+1)n−2 ≤ C(n − 1, Hk+1)n , which completes the proof. 
• The number of edge-colorings, avoiding monochromatic complete graphs Kk+1, of a
fixed graph on n vertices using r ≥ 4 colors can be larger than r tn(k); see [2]. Here
analogous statements hold, even for colorings with three colors, as the next example
shows.
The number of edge colorings of Kn with three colors avoiding a triangle whose
edges are colored with different colors is clearly at least 3(2(
n
2 ) − 1), as any 2-coloring
of Kn is good, and 3(2(
n
2 )−1) > 3n2/4. Results in a similar vein can be found in [9], and
or for further multicolor problems see [5]. There are many questions about forbidden
multicolored subgraphs; here we state only one of them.
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Problem 4.3. Let C2(n, r, k+1) denote the maximal number of r -edge-colorings of graphs
of order n avoiding a complete subgraph Kk+1 whose edges were colored using only at
most two colors. Clearly, for n large enough, C2(n, 2, k + 1) = 2tk(n) (details left to the
reader), and there are constants r0, n0 such that for every r > r0 and n > n0,
C2(n, r, k + 1) > r tk(n). (6)
Given k, what is the smallest r such that (6) holds? For k = 2, it follows from the results of
[2] that for r ≤ 6, equality holds in (6), and for r ≥ 27, (6) is true. Indeed, for r = 6 we may
pair the colors and not distinguish the colors inside the pairs, and count the number of edge-
colorings avoiding “monochromatic” triangles. This number is larger than C2(n, r, k + 1),
and as was shown in [2], it is at most (2 · 3)tk(n). For r ≥ 27 consider the Turán graph
T4(n), for which we clearly have C2(T4(n), r, k + 1) > (r/3)6n2/16 ≥ rn2/4.
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